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Abstract 

Equations for 16-component vector-bispinor field, originated from Rarita-Schwinger Lag- 
rangian for spin 3/2 field extended to Riemannian space-time are investigated. Additional 
general covariant constrains for the field are produced, which for some space-time models 
greatly simplify original wave equation. 

Peculiarities in description of the massless spin 3/2 field are specified. In the fiat 
Minkowski space for massless case there exist gauge invariance of the main wave equation, 
which reduces to possibility to produce a whole class of trivial solutions in the the form of 
4-gradient of arbitrary(gauge) bispinor function, ^'c(a;) = dcip{x). Generalization of that 
property for Riemannian model is performed; it is shown that in general covariant case so- 
lutions of the gradient type 'i''p{x) — (V^g + Tp)'i/{x) exist in space-time regions where the 
Ricci tensor obeys an identity Rai3 ~ \Rga^ — 0. 

1 Massive field, additional constraints 

Starting with fundamental investigation by Pauli and Fierz [U [2], also Rarita and Schwinger 
[3], the field with spin 3/2 always attracted attention: 
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On the curved space-time background, the field of spin 3/2 is investigated much less than 
fields of spins 0, 1/2, 1. This circumstance is due to complexity of this object: all its 16 com- 
ponents are tightly linked to each other by presence of curved geometry. Let us consider some 
peculiarities in description of the particle with spin 3/2 in Riemannian space-time, first specify- 
ing the massive case. 

Lagrangian by Rarita - Schwinger extended to generally covariant case has the form (let it 
be A; = imc/h) 

L=l[ ^al^ix) Dp ^'^ - ^al'^ix) Dp ] 
+ 1 [ ^a^ix) Dp - ^a^ix) Dp *^ ] 

+1 [ *a7"(aj)7^ Dp Y{x)^p - ^al'^ixh^ix) Dp Y{x)'^p ] 

+K -J-^^-" - y 7"(aj) 7M^)*^ • (1-1) 

Here stands for a wave function for a particle with transformation properties of local bispinor 
and general covariant vector;symbols — >■ and i— designate operators D^ acting on the right and 
on the left respectively 

Da=Va +ra(a;) - ie Aaix) , Da=Va -'^aix) + ie Aa{x) , 

Aci{x) designates a 4-potential of external electromagnetic field; for shortness the combination 
e/hc is noted as e. 

Prom Lagrangian (1.1) it follow equations for "^{x) and ^{x): 

[rix)Da - lilHx) D. +Mx)D^] 



+ llAx)[r{x)Da -i^]l^{x) 



^p{x) = , 



(1.2a) 



and 



rix) Da -k]S^, - ^[ ^\x) Da + 7a(x) d' ] + 



-^^{X) [7"(X) Da +l^]lc{x) 



(1.26) 



Below we use spinor representation for Dirac matrices, so we use identities 



*/3 = Hl\ (7^(^))+ = 7° l^{x) , {Tp{x))+ 7° = -7° r^(^) 



(1.3) 



The order in writing operators 7"(a;) and Dp (also 7"(x) and Dp ) does not matter, this 
quantities commute with each other; besides there exist identities 
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Y{x) Da = Da Y{X) , 7''ix) Da = Da Y (x) . 

Below we will use the formulas 

r{x) ^^{x) + ^^{x) r{x) = 2 g^^ix) , 7" 7a = 4 , 
r{x) ^^{x) = g^P{x) + 2 a^P{x) , a^P{x) = a'^' ef„)(x) ef,)(x) 

7"(x) ^^{x) Y{x) = 7"(x) /"(x) - 7^(x) g'^P{x) + 
7^(x) g^P{x) + i7' la{x) ; 



(1.4a) 
(1.46) 



(1.5) 



they follow from the properties of usual Dirac matrices multiplied by relevant tetrads. 

Starting with eqs. (1.2a, 6), one can derive additional constraints for components of the wave 
function ^^(x); thereby, in accordance with Pauli - Fierz approach [HIS], these constraints are 
deduced from the initial lagrangian (1.1) 

Indeed, let us multiply eq. (1.2a) from the left by the matrix 7'^(x): 



D^ + K-f^ - 1^ Da - ^D^ + ^ 7° 7^^ D, 



3 ' 



= 



from whence it follows 



D,^f' = - 



7/3 



(1.6) 



It is a first additional constraint. Now, let us act on eq. (1.2a) from the left by operator D'^: 

D^ Da + K D^ 



^ D^Da Da D^ + 



i 7a 7" D'^D^ 7/5 - J ^-Da 7^ 



^p{x) = . 



Then with the use of identity 

D^ Da = DaD^ + D^^ , where D^^ = D^ D^ - D^ D^ , 

we get 



7" Da{ \d^ - ^ 1^) + 7" dP^ + nD^^p + a^^Dap Y ^ 
Here, the first term vanishes due to (1.6). Thus, we arrive at 



(1.7) 



This second additional constraint can be transformed to the form of algebraic relationships. 
Indeed, let us detail operator DaB'- 
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where F^p is a electromagnetic tensor; D^p is determined by relation 

Da^ = V^Ta — VpTp + Tq, - Fa ■ 

With the use of definition for the bispinor connection Tq, ,one can produce 
For the term (r^ — Fa), using the commutative relation 



[1.8a) 



(li 



(1.8c) 



[a , a 

we derive the following expression 



Summing (1.8c) and {1.8d), we get 



(1.8d) 



- <7 e 



('a) efb) ^/.i./3a(a;) = 2 Rf,u(3a{x) 



(1.^ 



where R^viiaix) stands for the Riemann tensor. Substituting (1.8e) into (1.8a), we obtain 

= (V„ V/3 - V/3 V„) + ^ a'^'^ i?;,^„y3 - F„/3 • (1.9) 
Taking into account (1.9), now consider (1.7). For the first term in (1.7) we will obtain 



-7" Dap = -7" 
note identity 



(Va Vp - Va) + 2 - ie F^p 



; (1.10a) 



-r (v„ - Vc) ^''^ = 7" i^^a ; 

for the second term, using (1.5), one derives 



^M^ai. ^ ^z/^aM + ^ 75e«^^'^^(a;)7^ 



from whence, alowing for symmetry of the Riemann tensor we get {Rap is the Ricci tensor): 

(1.106) 
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This, relation (1.10a) reads 



(1.10c) 



Now, for the third term in (1.7) we derive 



(VaV;3 - V;3Va) + ^a^"" R/^ua^ - ic F^p 



1' 



Here the first term vanish identically (let it be 7*^ = ^{x): 



= djdx'^ ( d^jdx^ ) - rj^ ( d^jdx" ) - djdx^ ( ) + ( d^jdx" ) = o 

The second term {R is the Ricci scalar) reads 

\ a^^ o>^^ R,,ap {1' *p) = ( ) (7'' *P ) 

= 7" 7^ ( 7" *P ) = (5-/3 + 2 a"/^ ) i?,,^ ( 7" *p ) = -3^ i? (7^ *p) . 
Therefore, the third term in (1.7) reduces to 

^ {a'^^D^p) Y *P = ^ (7" + ^4 ^"''^"/^ ^'^^ • 
Thus, the second additional constraint (1.7) is equivalent to the algebraic relationship 



^ Ro^p + ie Fa0 ) 7^^ + 



for convenience let us written down the first condition as well 



7/3 



$/3 



Y^P= ; (1.11a) 



(1.116) 



Sometime, these two relations permit us to greatly simplify the initial wave equation (1.2a). 
For instance, for a free particle in Minkowski space-time, in Cartesian coordinates and tetrad, 
eqs. (1.11,6) give 



7" ^aix) = , *„(x) = , 

so that eq. (1.2a) assumes the form of four separate Dirac equations 



(1.12a) 



i^da + *c(x) = . (1.125) 
Analogous situation arises in any curved space-time with vanishing Ricci tensor. Indeed, let 

RM = , FM = , (1.13a) 
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then the full systems of equations determining the particle with spin 3/2 is 

7'5(x) ^^{x) = , + r^(x)) ^^{x) = , 

[ I'^ix) (Va + r«(x)) + K ] ^^{x) = . (1.136) 

It should be noted that because 5'^(x) stands for a general covariant vector, and Va stands for a 
covariant derivative, the kasr equation in (1.136) is not equivalent to four independent Dirac-like 
equations. 

We can extend the system (1.13b) to the class of space-time model with more general struc- 
ture of the Ricci tensor ^ 

Ral3{x) = ^ R{x) Qa^ix) ■ (1.14a) 

In this case, additional constraints reduce to 

dP{x) ^p{x) = \K-fP{x) ^fi{x) , 

^ R{x) - ^ ^ [ ^^{x) ^p{x) ] = . (1.146) 
Simplest examples of such models are de Sitter and anti de Sitter spaces. 



2 Massless field 

Now let us specify the massless case. It is known that in Minkowski space-time, equation 
for massless field with spin 3/2 can be transformed to a special form when it become evident 
existence of trivial solutions in the form of 4-gradient of arbitrary bispinor 

i7' Id d, ^c{x) = , *0(x) = dc ^{x) . (2.1) 

This property proves gauge invariance of massless wave equation, which give possibility to remove 
redundant degrees of freedom . 

Let us consider analogous problem in the case of a curved space-time. It is convenient to 
start with the following matrix form of eq. (1.2a) 

[ a'^ix) + K P{x) ] ^{x) = , (2.2a) 
*(x) = (*,(x)) , (/3)/ = V - I lp{x) ri.x) , 
(a V = 7'^(x) -^p" - \l''{x)5l 

- \ lp{.x) g'^x) + ^ 7p(^) l%x) 7'^(x) . (2.26) 

Let us perform two successive transformation over eq. (2.2a). Furs, multiply it from the left 
by a matrix C, ant then translate equation to a new representation with the help of other matri 
S: 
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/3 , a" =^ 13' = C , a" = C a" =^ 

P = S P' S-\ a'' = S a'"" S-\ ^ = S^ . (2.3) 
The relevant matrices are taken in the form 

= + c 7a(x) j^{x) , 5/ = 5f + a 7a(x) J^ix) , 

(5-^)/ = 5^ + b ja{x) 7^{x) , a + b + 4ab = 0. 2.4 

The quantities a, b, c are unknown numerical parameters; relationship between a and b ensures 
identity S = I. In accordance with (2.3) and (2.4), we find P', /3 and a", a": 

= is; - ^ 7. in , 

0)/ = {6; + [b+ iib + 1) (a - (4a + 1) ^^)] 7p 7'^ } , (2.5a) 

(«V = [7'^^P - + (2c - i) 7p ff^'^ +^7p7^7'^], 

{an/=YS;{l - [^-^ + + 4a) + 2a)]} 

+ r5;{^^ + + 6(^^ (1 + 4a) + 2a)]} 

+ 7p5'^'^{[(2c - 1) + 2a] + [ + b{ {2c - 1) + 2a)]} 

+ ^7'e7^7M[^-^ + M(2c - 1)^-^ + 2a)]. 

(2.56) 

Let us try to chose (a, b, c) so that in expression for a'^ all terms excluding one containing 
Levi-Civita tensor vanish. To this end, we must impose restrictions 

a + 6 + 4a6 = 0, l-[ ^ ^ ^ + 6 ( (2c - 1) ^ ^ + 2a)] = , 

26 + 1 ,6+1 , , , , 1 + 4a 

+ [ — ^ + 6 ( (2c - 1) + 2a)] = , 

(1 + 4a)^^ + 2a + + 6 ( (2c - 1)^^ + 2a)] = . 

Solution of the system is 

a = -^, 6 = -l, c = + 2 (2.6a) 



Thus, the transformation S is 
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and correspondingly in new representation the wave equation is determined by the matrices 

(a" = '^P - 7p(x)7"(x) , 
{a'')/ = +ij'e/'^^^{x)^^{x) . (2.66) 
Expression for P in (2.66) can be rewritten as differently 

iP)/ = -2 a/{x) 

and further, with the use of identity 

2 a/{x) = 2 (i 7m(^)) [ I'i^) ^^p'i^) ] = + \ e'^/'^ 7.(x) 



for the matrix /3 we get 



(x) 7^(a;) 7^(.t) . 



Allowing for (2.66, c), equation for the particle with spin 3/2 can be presented as follows 



2.6c) 



7^ e/-^(x) 7^(x) 



*a(x) = . 

At m = we obtain an equation (compare it with (2.1)) for massless field 



■ n mc 



i 7^ e^'^i'ix) 7^(x) [ V. + r,(x) ] ^^{x) = . 



(2.7a) 



(2.76) 



Not let us investigate the problem of possible existence of solutions in the form of 4-gradient 
of arbitrary bispinor field. Substituting the function ^ct(^) form 



*^W = [V;3 + r^(x)]*(x), 



(2.8a) 



into eq. (2.76), we get 



- 7' e/'^'^(x) 7/.(x) [ , D,\^ *(x) = . 

Taking into account expression (1.9) for the commutator [Di,, -Do-]- when F^^ = 0, and also 
allowing for that the bispinor ^' is a scalar in general covariant sense, we get 



7^ e/'^x) ^^{x) [ a^f'ix) Rafi,a{x) ] ^{x) = . 



Further, we obtain 



- 7^ 6,-'^(x) 

therefore arrive at 



l^ix) R^lS.aix) + ^ 7' e^"^'(^) Isix) Ra^uaix) 



*(x) = ; 
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Rapuaix) [ e;''>'{x) e'^P'^ix) ] [ 7.(x) ] = . 2.86 

Using the known formula 

5" 8^ 5^ 

g-^\x) g^f'Xx) ff-(x) , 

g'"^{x) g^f^ix) g^^x) 

from (2.86) we derive relation needed 

[ Ral3{x) - \ R{x) 5a/3(x)] 1^ {x) = . (2.8c) 

Thus, we conclude that in the region where 

Ra0{x) - ^ R{x) gap{x) = , 

the massless particle with spin 3/2 possess a gauge symmetry and thereby in such regions it is 
a correctly defined massless object; otherwise it is not clear how one can determine a massless 
field. 
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